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Abstract 

In this study, we present a new analogue of Euler-Lagrange and Hamil- 
ton equations on an almost Kahler model of a Finsler manifold. Also, we 
give some corollories about the related mechanical systems and equations. 
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1 Introduction 



In modern differential geometry, a suitable vector field defined on the tangent 
and cotangent spaces (or manifolds) which are phase-spaces of velocities and 
momentum of a given configuration space clarifies the dynamics of Lagrangian 
and Hamiltonian. If M is an n-dimensional configuration manifold and L(H) : 
TM(T*M) — > R is a regular Lagrangian (Hamiltonian) function, then there is 
a unique vector field £ (X) on tangent (cotangent) bundle TM (T*M) such that 
dynamical formalisms and equations are given by 



Dynamical Formalisms 


Produced Dynamical Equations 


i c $ L = dE L 


at W j 9i' ~ 


ix&H = dH 


dp 1 _ _dH_ d£_ _ OH 

dt dq % ' dt dp z 



where $>l(®h) indicates the (canonical) symplectic form. The triples (TM, £) 
and (T*M,$h,Zh) are called Lagrangian system and Hamiltonian system on 
the tangent bundle TM and on the cotangent bundle T*M, respectively pQ. 

Anyone notes that almost Kahler models related to Finsler geometry and 
generalization were originally proposed by Matsumoto [2] , then the Finsler idea 
was generalized to Lagrange geometries by Kern [3], and extended in Oproiu's 
works jll[5]. But, in general, almost Kahler - Finsler constructions and gen- 
eralizations, with applications to modern classical and quantum physics and 
mechanics where performed in tenths of Vacaru's papers so that some of them 
are 00 H]. 

Really, in [101 [H] being the books of R. Miron, M. Anastasiei and their 
other colleagues there are summarized a number of results on almost Kahler 
- Lagrange - Finsler/ Hamilton - Cartan geometries and generalizations with 
applications in mechanics. 

Nevertheless, the key ideas were in Matsumoto - Kern papers and various ap- 
plications related to classical and quantum gravity were considered in Vacaru's 
papers. There were also elaborated various Ricci flow, (non) commutative and 
algebroid constructions related to Finsler models and generalizations. 

In [12] . extrema of p-energy on constant curvature Finsler spaces was in- 
vestigated. In the studies [T3l [14] , mechanical systems of quaternionic Kahler 
and paracomplex geometry were analyzed successfully. In this paper, the equa- 
tions related to Finsler mechanical systems have been presented and given some 
corollaries. 

F(M), x(M) and A 1 (M) denote the set of functions on manifold M, the set 
of vector fields on M and the set of 1-forms on M, respectively. 

2 Finsler metric and Finsler Manifold 

In this section we recall some structures by given US] • A Finsler manifold (or 
Finsler space) is a pair F n = (M, F(x, y)) where M is a differential manifold of 
real dimension n and F : TM ->la scalar function which supply : 
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i) F is a differentiable function on the manifold TM = TM\{0} and F is 
continuous on the null section of the projection tt : TM — > M. 

ii) F is positive function. 

in) F is positively 1-homogeneous on the fibres of tangent bundle TM. 
iv) The Hessian of F 2 with elements 

1 d 2 F 2 

is positively defined on TM. Where <?y is a covariant symmetric of 2 order 
distinguished tensor field (d-tensor field) defined on the manifold TM. 

The function F(x,y) is called fundamental function and the d-tensor field gij 
is called fundamental (or metric) tensor of the Finsler space F n — (M, F(x, y)). 

A Finsler space F n = (M, F) can be thought as an almost Kahler space 
on the manifold TM = TM\{0} , called the geometrical model of the Finsler 
space F n . If we consider the Cartan nonlinear connection AH of the Finsler space 
F n = (M, F), then we can respectively define almost complex structures F and 
F* on TM and T*M by: 

F* (dx i ) = -by 1 , F* (6y* ) = dx l (3) 
Where the basis and dual basis are given as follows: 



TM HTM VTM 

f_£L -EL 1 ) -A. = -2 AT? fx wl— ^ 

^dx^dy*' 5x' dx* ^J^^Jdy' dy' 



T*M HTM VTM 

{dx\dy l ) 5y i = dx % + N](x,y)dy l dx 1 

also (gfr) ff = (dy l ) H = Sy\ It is easy to see that F is well defined on 

TM, F 2 — —I and it is determined only by the fundamental function F of the 
Finsler space F n . 

Let [dx 1 ,Sy l ) be the dual basis of the adapted basis (j^t, g^r)- Then, the 
Sasaki-Matsumoto lift of the fundamental tensor can be introduced as fol- 
lows: 



G = gijdx 1 <g> dx J + g^Sy* ® 5y j . (4) 

Consequently, G is a Riemann metric on TM determined only by the fun- 
damental function F of the Finsler space F n and the horizontal and vertical 
distributions are orthogonal with respect to it. 

Theorem: 

i) The pair (G, F) is an almost Hermitian structure on TM. 
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ii) The almost symplectic 2-form associated to the almost Hermitian struc- 
ture (G, F) is 

= 9ij(x,y)Sy i ® dx j . (5) 

iii) The space H 2n = (TM; G, F) is an almost Kahler space, constructed 
only by means of the fundamental function F of the Finsler space F n . 

Definition: The space H 2n — (TM ; G, F) is called the almost Kahler model 
of the Finsler space F n . 

Remarking that the tensor field G on TM given by 



a 2 

G = 9ij (x, y)dx l ® dx J + — 2 Pij (x, y)Sy l ® 6y> , V(x, y) e TM. (6) 

\\y\\ 

is the homogeneous lift to TM of the fundamental tensor field of a Finsler 
space F n , 

where a > is a constant, imposed by applications (in order to preserve the 
physical dimensions of the components of G) and where ||y|| 2 = 9ij(x, y)y l y^ = 
yiy 1 = F 2 (x,y) — 2t with yi — g i j(x,y)y : > = such that t the value of 

energy density in y € TM. 

Let us prove that the almost complex structure F, defined by ([2]) does not 
preserve the property of homogeneity of the vector fields. Indeed, it applies the 
1-homogeneous vector fields xL, (i = l,n) onto the 0-homogenous vector fields 

We can eliminate this F by defining a new kind of almost complex structure 
F : X (TM) -> X{TM), setting : 

F{ 5^ ] = -—w F W )= i^ ,( 1,n) (7) 

F(^) = -M^, P(V) = ^. (8) 

3 Euler-Lagrange Equations 

Here, we obtain Euler-Lagrange equations for quantum and classical mechanics 

o O O 

on the almost Kahler model H 2n = (TM; G, F) of the Finsler space F n . 

o 

Firstly, let F take a complex structure on the almost Kahler model H 2n of 
the Finsler space F n , and {x l ,y z } be its coordinate functions. 
Let semispray be the vector field £ determined by 

^ Sx t dy l ' ^ ^ 
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where X' 1 = y l = x l , Y l = y l = x 1 and the dot indicates the derivative with 
respect to time t. 

The vector field defined by 

V = F(0 = + ^Y l — 

a dy l \\y\\ 5x l 

is named Liouville vector field on the almost Kahler model H 2n of the Finsler 
space F n . 

The maps given by T,P ; M R such that T = \ mi {{± 1 ) 2 + {f) 2 )^ = 
rriigh are said to be the kinetic energy and the potential energy of the system, 
respectively. Here m^g and h stand for mass of a mechanical system having 
m particles, the gravity acceleration and distance to the origin of a mechanical 
system on the almost Kahler model H 2n of the Finsler space F n , respectively. 

Then L : M — >• R is a map that satisfies the conditions; i) L = T — P is a 
Lagrangian function, ii) the function determined by El = V(L) — L, is energy 
function. 

o 

The function i o_ induced by F and denoted by 

r 

iou(X 1 ,X 2 ,...,X r )=y2u(X 1> ...,FX i> ...,X r ), 

F 

i=l 

is called vertical derivation, where w €E A r M, Xi € x(M). 
The vertical differentiation do is given by 

F 

do — \io,d\— iod — dio 

F F F F 

where d is the usual exterior derivation. 

o 

For F , the closed Kahler form is the closed 2-form given by $^ = —dd L 

F 

such that 

do = _ Md < a 8 jrrfM) -> ATM. 

f a dy l \\y\\ 5x l y K ' 

Then we have 

f a 5x3 y dy 1 ' \\ y \\ Sx^Sx* 

_^\\y\\ d 2 L fiyj Adx i a 9 8L j a 
a dyidy 1 \\y\\ dyi 5x l 

Let £ be the second order differential equation (semispray) given by ©■ 
Then we calculate 

i2 r „_•„,•„ i ll„ll q2 r 



a oy? oy a ||y|| oavoar 2 a a oy 3 oy * 
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Energy function and its differential are 

E L = V(L)-L = -\Mx^ + ^Y^ 



and 

d E L = -M r « ( dL) dx j _ Mp^^ 

JJ a oi J \ oy J a oy 3 ay & 

+-n Yl j^iJ L rdx^ + AY* A (4%) Sy 1 - 4 L r dx j - M 

\\y\\ ox 3 ox z \\y\\ oy J \ ox z / a ox 3 oy 

Using i^L — dEL-, we find the expressions as follows: 



and 



f^W )dx + s^ dx ~ W\^ )Sy + W 6y = 

By means of integral curve £(t) = a(t), we have the equations 

\\y\\ d dL 8L _ a d SL dL _ 
~Jt^d~t' + Sx 1 ~ ' fyJJt W )~dy~ l ~ 

such that the equations calculated in (|10p are named Euler- Lagrange equa- 
tions constructed on the almost Kahler model H 2n of the Finslcr space F n and 
thus the triple (If 2 ", £) is called a mechanical system on the almost Kahler 
model H 2n of the Finsler space F n . 



4 Hamilton Equations 

Here, we present Hamilton equations and Hamiltonian mechanical systems for 
quantum and classical mechanics constructed on the almost Kahler model H* 2n = 

(TM; G, F*) of the Finsler space F n . 
Firstly let set a 1-form 

a 2 

lu = ^x l dx l + y l Sy l . 

\\y\\ 



Then we have the Liouvillc form 



A = F (w) = -— x l by l + TT y i dx i 

\\>j\\ \\y\\ 



and the closed form 



= -d(X) = j^dx* A 6y* 

\\y\\ 
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Take Hamiltonian vector field as follows: 

dx l 5y l ' 

Then we find 

ix® h = $h(X) = j^X l Sy* - -^—Y i dx i 

\\y\\ WuW 

and 

JTT dH J ■ MT_ , 
^=^ + ^- 

By means of ix&H = dH, the Hamiltonian vector field is found as follows: 

X JMSH8_ M 8HS 
a oy l ox 1 a ax 1 oy % 

Assume that a curve 

a: I C R->T*M 
be an integral curve of the Hamiltonian vector field X, i.e., 

X{a{t)) = a{t), t <= I. (12) 

In the local coordinates, it is obtained that 

a(t) = (x i ,y i ) 

and 

Taking ([T2]l . if we equal (JTTJ) and dH]), it holds 

dx^^MSH df^ = _M8H_ 
dt a 5y l ' dt a dx l 

Hence, the equations introduced in (|14p are named Hamilton equations on 
the almost Kahler model H* 2n of Finsler manifold F n and then the triple 
(H* 2n ,(f>H, X) is said to be a Hamiltonian mechanical system on the almost 
Kahler model H* 2n of Finsler manifold F n . 



5 Conclusion 

Here, we may give the following corollaries considering the above structures and 
found equations by means of [4]. 

Corollary 1: The almost complex structure F (F*) on TM is integrable 
if {M, G) has constant sectional curvature c and the function v is given by 

v = iT""' ■ where u > 0, u + 2tv > for all t > 0. 

at it — ii ' ' — 



G 



Corollary 2: Assume that (M, G) has constant negative curvature c. Then 
H 2n (H* 2n ) with the following u and v is a Kahler Einstein manifold. Where 
A > 0, f > 0, u = A + VA 2 - 2ct > 0, v = i(A - ^ - VA 2 - 2ct) > 0. So, 
the equations found in (1101) f (|14l) ) are named Euler- Lagrange (Hamilton) equa- 
tions constructed on the almost Kahler Einstein model H 2n (H* 2n ) of constant 
negative curvature c of the Finsler space F n 

Corollary 3: Assume that (M, G) has constant positive curvature c. Then 
the tube around the zero section in TM(T*M), defined by the condition \\y\\ = 
9ikV l y — 2t < ^- has a structure of Kahler Einstein manifold, if the functions 
u, v are given as follows: 

A > 0, u = A + VA 2 - 2ct, v = ±(A-^~VA 2 - 2ct), 0<t<^-. Hence, 
the equations found in (|10l) ( (|14l) l are named Euler- Lagrange (Hamilton) equa- 
tions constructed on the almost Kahler Einstein model H 2n (H* 2n ) of constant 
positive curvature c of the Finsler space F n . 
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